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Abstract
Let r be a metric on the hyperbolic 3-space H3 induced from an arbitrary Riemannian metric on a closed
hyperbolic 3-manifold. In this paper, we will show that any smooth simple loop in S2∞ spans a properly
embedded r-least area plane in H3. This solves Gabai’s conjecture ((J. Amer. Math. Soc. 10 (1997) 37),
Conjecture 3.12), a8rmatively.
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Let M be a closed hyperbolic 3-manifold and p : H3 → M the universal covering. A Riemannian
metric on H3 induced from a Riemannian metric r on M via p is a co-compact metric and we
denote it also by r.
In this paper, we will prove the following theorem.
Theorem 0.1. Any smooth simple loop in S2∞ spans a properly embedded r-least area plane in H3.
We denote by D2 the unit disk {(x; y)∈R2; x2 + y26 1}. An r-least area plane D (de=ned in
Section 3) admits a homeomorphism ’ : IntD2 → D which can be extended to a continuous injective
map ’ :D2 → H3.
Our proof is based on the argument in [2, Section 3]. In case of the original hyperbolic metric
on H3, the result of Theorem 0.1 has been obtained by Anderson [1]. His argument deeply relies
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on geometric measure theory, which some topologists including the author may =nd di8cult to
approach. Even if we restrict our attention to the original metric on H3, our argument here together
with Gabai’s [2] presents a technique of hyperbolic geometry to construct least area planes in H3.
1. Preliminaries
We review brieCy the notation and de=nitions needed for the proof of Theorem 0.1 and refer to
[2] for details.
Let 
 and r be the standard hyperbolic metric and a co-compact metric on H3, respectively. We
=x the PoincarEe disk model for H3 so that the closure H3 in E3 is the unit euclidean 3-ball centered
at the origin. Let 
euc be the =xed euclidean metric on H3. Thus, the sphere S2∞=@H3 at in=nity has
the spherical metric induced from 
euc. Let T (H3) be the tangent bundle of H3. For any v∈T (H3),
the 
-norm and r-norm of v are denoted, respectively, by ‖v‖
 and ‖v‖r . From the co-compactness
of r, there exists K¿ 1 such that, for any v∈T (H3),
1
K
‖v‖
6 ‖v‖r6K‖v‖
: (1.1)
For any closed subset A of H3 and R¿ 0, the R-neighborhood of A,
{x∈H3; dist
(x; a)6R for some a∈A}
with respect to the hyperbolic metric 
 is denoted by N
(A; R). In the special case of A = {x},
N
(A; R) is the 3-ball B
(x; R) of radius R centered at x. For a smoothly immersed surface S in H3,
the area of S with respect to 
 (resp. r) is denoted by Area
(S) (resp. Arear(S)). For any closed
subset B of H3, C(B) denotes its hyperbolic convex hull.
A (co-dimension-1) lamination  in an n-manifold X is a decomposition of a closed subset of X
into (n−1)-manifolds called leaves so that X is covered by charts of the form I n−1× I , where these
leaves pass through a chart in slices of the form I n−1 × {p} for p∈ I . Here, the mappings of the
leaves into X are assumed to be smooth immersions. We will also use  to denote the underlying
space of the lamination.
A sequence {Sn} of embedded surfaces or laminations in H3 converges geometrically to a lami-
nation  if
(i) For any x∈ , there exists a sequence {xn} with xn ∈ Sn and limn→∞ xn = x. Moreover, there
exist embeddings f : IntD2 → Lx and fn : IntD2 → Lxn with x∈f(IntD2), xn ∈fn(IntD2)
and such that {fn} converges to f in the C∞-topology, where Lx (resp. Lxn) is the leaf of 
(resp. Sn) containing x (resp. xn).
(ii) For any convergent sequence {xni} in H3 with xni ∈ Sni (n1 ¡n2 ¡ · · ·), limni→∞ xni ∈ .
A D2-limit lamination  is a geometric limit of r-least area disks Di in H3 with @Di →∞. Here,
@Di →∞ means that @Di are eventually disjoint from any compact subsets of H3. By Lemma 3.3(i)
in [2], each leaf L of the  is an r-least area plane, that is, for any simple loop l in L, the disk in
L bounded by l has r-least area among all immersed disks (possibly with boundary branching) in
H3 spanning l. We say that  spans a simple loop  in S2∞ if, for the closure  of H3,  ∩ S2∞= 
and H3 −  disconnects the two components of S2∞ − .
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The following theorem is crucial in our proof of Theorem 0.1.
Theorem 1.1 (Gabai [2, Proposition 3.9]). Let  be a smooth simple loop in S2∞ and r a co-compact
metric on H3. Then, there exists a D2-limit lamination  by r-least area planes spanning .
Moreover, there exists e = e(r)¿ 0 independent of  with N
(e; C()) ⊃ .
We also need the following lemma, which is a version of Lemma 3.5(iii) in [2].
Lemma 1.2. For any a¿0, there exists a constant c0(a)¿0 satisfying the following condition (*).
(*) Let D be any embedded r-least area disk in H3 with @D ⊂ B
(x; a) for an x∈H3. Then, D
is contained in B
(x; c0(a)).
Proof. We may assume that D meets @B
(x; a) transversely. Let D1; : : : ; Dn be the disks in IntD
bounded by outermost components i (i = 1; : : : ; n) of D ∩ @B
(x; a). Since i bounds a disk Ei in
@B
(x; a) with Area
(Ei)6 2# sinh2 a, Arear(Di)6Arear(Ei)6 2K2# sinh2 a. By Lemma 3.5(iii) in
[2], diam
(Di) is bounded by a constant c1(a). Since D−D1 ∪ · · · ∪Dn is contained in B
(x; a), D
is contained in B
(x; c0(a)) for c0(a) = c1(a) + a.
2. Sequence of least area disks
Throughout the remainder of this paper, we suppose that  is a (=xed) smooth simple loop in
S2∞. In [2], Gabai used a sequence of relatively r-least area disks to obtain a D2-limit lamination
spanning . In this section, we will de=ne another kind of r-least area disk. The reason why we do
not adopt relatively r-least area disks will be explained in Remark 3.2 in Section 3.
Take any x∈  and eˆ¿ 0. Since  is smooth,  and C() in a su8ciently small neighborhood
W of x in H3 are well approximated by a straight line in C and a vertical plane in the upper half
space model U of H3 with @U = C ∪ {∞} and x = 0∈C, which is called a linear approximation.
In particular, the shape of N
(C(); 2 eˆ) in W looks like a ‘triangular prism’, see Fig. 1.
Let % be a 
-geodesic line in H3 connecting the two components of S2∞ −  and D a smoothly
embedded disk in H3 with @D =  such that D meets S2∞ orthogonally with respect to the metric

euc. We may choose the D so that D meets % transversely in a single point. For R¿ 0, a round

x
N (C(), 2e)ˆ
∞
S2
Fig. 1. The Cat shaded part represents C(). The 
-widths indicated by ‘↔’ are almost 2 eˆ.
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circle l in S2∞ bounding a 
-totally geodesic plane Hl in H3 is called R+-distant (with respect to %)
if N
(%; R) ∩ N
(Hl; e) = ∅, where e is the constant given in Theorem 1.1. Let N (l) be the closure
of N
(Hl; e) in H3. Then, H3 − N (l) consists of two components. Let Bl be the closure in H3 of
the component of H3 − N (l) disjoint from N
(%; R). The intersection 'l = Bl ∩ S2∞ ⊂ @Bl is a disk
in S2∞ bounded by l and disjoint from @%. By Theorem 1.1, any D2-limit lamination l spanning
l is contained in N (l). Note that, for two R+-distant round circles l; m, N (l) ∩ N (m) is in general
non-empty even if l∩m=∅. On the other hand, since all leaves of l and m are r-least area planes,
l ∩ m= ∅ implies l ∩ m = ∅.
De#nition 2.1. An R+-circle chain (associated to ) is a set LR of =nitely many R+-distant round
circles l0; l1; : : : ; l2n−1 in S2∞ with the same 
euc-radius and meeting  transversely in two points.
Moreover, LR satis=es the following conditions (i)–(iii), where the subscripts are considered in
modulo 2n and Hi := Hli , Bi := Bli , 'i := 'li , Ni := N (li), i := li .
(i) The centers xi (i=0; 1; : : : ; 2n− 1) of 'i divide  into 2n arcs of the same length with respect
to the 
euc-arc-length parametrization of .
(ii) li meets li+1 almost orthogonally in two points, and li ∩ li+2 = ∅ for any i∈Z.
(iii) The 
-diameter of N
(C(); 2 eˆ) ∩ (Ni − Int (Bi−1 ∪ Bi+1)) is less than d(e; 2 eˆ) = (2 log(1 +√
2) + 2e) + 2(e + 2 eˆ) + 1.
Here, li meeting li+1 almost orthogonally means that, for any *¿ 0, one can choose R¿ 0 so that
the intersection angle + of li an li+1 satis=es |+ − #=2|¡*. It is not hard to show that there exists
an R+-circle chain for any R¿ 0 by choosing circles which have small enough diameter relative to
the radius of curvature of  in the spherical metric on S2∞. In particular, the constant d(e; 2 eˆ) in the
condition (iii) of De=nition 2.1 is explained as follows.
Consider the hemicircles C−1; C0; C1 of radius 1 and centered, respectively, at (−
√
2; 0), (0; 0)
and (
√
2; 0) in the upper half plane H2 ∪ R. Here, these centers are chosen so that C±1 meet C0
orthogonally. For the two points x, y in H2 as illustrated in Fig. 2, dist
(x; y) is 2 log(1+
√
2)+2e.
Let S be the vertical section of Ni− Int(Bi−1∪Bi+1), and s the geodesic segment in S corresponding
to that in C0 connecting x with y. For any two points aj ∈Ni − Int(Bi−1 ∪ Bi+1) (j = 1; 2), there
exists a point bj ∈ S with dist
(aj; bj)¡ 2 eˆ + 0, where 0¿ 0 is a =xed su8ciently small constant.
Since there also exists a point cj ∈ s with dist
(bj; cj)6 e,
dist
(a1; a2)6 dist
(a1; c1) + dist
(c1; c2) + dist
(c2; a2)¡d(e; 2 eˆ):
x y
−1C 1C0
C
H 2
− 2 20
Fig. 2. The shaded region approximates the vertical section of Ni − Int(Bi−1 ∪ Bi+1). All the 
-widths indicated by ‘↔’
are e.
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The ‘+1’ in d(e; 2 eˆ) is added to compensate the error caused by the linear approximation as
above.
We set B(LR) = B0 ∪ · · · ∪ B2n−1, N(LR) = N0 ∪ · · · ∪ N2n−1 and X (LR) = {x0; : : : ; x2n−1}. Any

-totally geodesic plane P in H3 passing through the origin 0 of H3 is divided into two components
by a geodesic line q in P with q ∩ 0= ∅. The closure Y of the component of P − q in H3 disjoint
from 0 is a hemidisk with @+Y = q. Note that @Y − @+Y is an arc contained in a great circle of S2∞.
A hemidisk Y is said to be associated to lj ∈LR if @Y − @+Y meets  orthogonally at the center xj
of lj and @+Y ∩ (Bj ∪ Nj) = ∅, see Fig. 3.
Let 4 be a smooth simple loop in IntD such that the annulus A in D with @A=∪4 is contained
in B(LR) and 4∩Ni consists of two arcs 5i;± with 5i−1;+∪5i+1;− ⊂ Bi for any i∈{0; 1; : : : ; 2n−1},
see Fig. 4. Let 5i be the smallest arc in 4 containing 5i;− ∪ 5i−1;+ ∪ 5i+1;− ∪ 5i;+ and disjoint from
any other 5j;±’s. Set D4=(D−A)∪4. Slightly deforming D4 if necessary, we may assume that D4
meets each leaf of each i transversely. Now, consider the lamination 6even =
⋃n−1
j=0 2j|D4. Note that
all leaves of 6even are compact. Suppose that 6even contains a loop leaf. Take an outermost leaf 0 of
a sublamination 7 of 6even consisting of mutually parallel loops in D4. If 0 ⊂ 2j, then 0 bounds a
disk ' in a leaf of 2j, possibly Int'∩D4 = ∅ (or more strictly Int'∩ 4 = ∅). Performing surgery
on D4 along ', we have an immersed disk D′4 with @D′4 = 4 and D′4 ∩ (
⋃n−1
j=0 2j) ⊂ 6even − 7.
Repeating the same process =nitely many times, one can de=ne an immersion  : D̂4 → H3 of a
disk D̂4 such that  |@D̂4 is an embedding onto 4 and the lamination 6ˆeven =  −1(
⋃n−1
j=0 2j) has no
  Y+Y
lj
xj
Bj
Nj
∂

Fig. 3.
N4
x4
B4
4,−  3,+  5,−  4,+
 4
   


Fig. 4. The case of i = 4.
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loop leaves. Since  (D̂4) − D4 is contained in a small neighborhood of
⋃n−1
j=0 2j in H
3,  does
not introduce any new intersection with %. The lamination 6ˆodd =  −1(
⋃n−1
j=0 2j+1) may have a loop
leaf. However, we will not deform  for cancelling loop leaves of 6ˆodd because such a deformation
may bring a loop leaf to 6ˆeven. Set 6ˆi =  −1(i). Then, 6ˆ2j ⊂ 6ˆeven and 6ˆ2j+1 ⊂ 6ˆodd. In short, the
subarcs  −1@ (5i;±) and  
−1
@ (5i) of @D̂4 are also denoted by 5i;± and 5i, where  @ =  |@D̂4.
Let E be a disk in IntD containing  −1(%). Then,  (E) ∩ (
⋃2n−1
j=0 j) is empty for any su8-
ciently large R¿ 0. Hence, there exists a unique component of D̂4 − ( 6ˆeven ∪ 6ˆodd) meeting  −1(%)
non-trivially, the closure of which is denoted by D̂R. Since both 6even; 6odd are unions of =nitely
many product laminations, @D̂R meets only =nitely many leaves of 6even and 6odd. In particular, the
outermost component @0D̂R of @D̂R consists of =nitely many arcs contained in leaves of 6ˆeven or 6ˆodd.
We call such an arc s as an i-side of @0D̂R if s is contained in a leaf of 6ˆi. Since each component
l of @D̂R − @0D̂R is disconnected from @D̂4 by a simple loop in Int D̂R, l does not meet any arc
leaves. This shows that l consists of a single loop leaf of 6ˆ2j+1 for some j∈Z.
Consider an oriented arc ! in @0D̂R which travels i0; i1; : : : ; ih-sides in order. The itinerary of !
is the sequence I(!) = (i0; i1; · · · ; ih). For example, the itinerary of the arc ! as illustrated in Fig. 5
is (0; 1; 2; 3; 2; 1; 2; 3; 4; 3; 4; 5).
Lemma 2.2. Let I(!) = (i0; i1; i2; · · ·) be the itinerary of ! with i0 = j. Then, the following (i) and
(ii) hold.
(i) Suppose that i1; i2; : : : ; ik are in {j+1; j+2; j+3} but ik+1 is not. If at least one of i1; i2; : : : ; ik
is j + 3, then ik+1 = j + 4.
(ii) Suppose that i1; i2; : : : ; ik are in {j−3; j−2; j−1} but ik+1 is not. If at least one of i1; i2; : : : ; ik
is j − 3, then ik+1 = j − 4.
Proof. We will prove the =rst assertion (i). Note that i1 = j + 1. If ik+1 = j + 4, then ik+1 = j and
ik = j + 1. End points of the =rst side s1 and the kth side sk meet respectively, leaves t1 and tk
(possibly t1 = tk) of 6ˆj. Similarly, the other ends of s1 and sk meet, respectively, leaves u1 and uk
(possibly u1=uk) of 6ˆj+2. If j is even, then the leaves t1; tk (resp. u1; uk) are proper arcs ended at 5j
(resp. 5j+2). Since 5j ∩ 5j+2 = ∅, at least one of s1 and sk is disconnected from D̂R, a contradiction,
see Fig. 6. It follows that ik+1 = j + 4. In the case of j odd, consider the =nal (j + 1)-side, say
the lth side sl, in ! such that at least one of il+1; : : : ; ik is j + 3. Then, one can apply the previous
argument to the subarc !′ of ! with I(!′) = (il; il+1; : : : ; ik) and show that ik+1 = j + 4.
We say that @0D̂R obeys the three-advance no-return rule if any oriented arcs in @0D̂R satisfy the
conditions of Lemma 2.2. Since each component of  (@D̂R− @0D̂R) is contractible in
⋃n−1
j=0 2j+1 ⊂
H3 − %, the linking number link( ∗([@0D̂R]); [%]) = link([@D]; [%]) = 1.
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If  |@0D̂R is not injective, then we have two j-sides sa; sb with a6 b for some j∈Z such that
 (sa)∪  (sb) has a double point q. By Lemma 2.2, there exists a loop l in  (@0D̂R) obtained from
 (@0 DˆR) by cutting oO a loop > based at q and such that each entry of I(>) is in {j− 2; : : : ; j+2}.
This implies that link([>]; [%]) = 0 in case when the number 2n of circles in LR is greater than
=ve. The loop l obeys the three-advance no-return rule. This is proved from the fact that I(l) =
(i0; i1; : : : ; ia−1; j; ib+1; : : :) if I(@0D̂R) = (i0; i1; : : : ; ia−1; j; ia+1; : : : ; ib−1; j; ib+1; : : :). Repeating the same
process =nitely many times, we have a simple loop lR in  (@0D̂R) with ling([lR]; [%])=1 and obeying
the three-advance no-return rule. By [2, Lemma 4.1], the component JR of H3−
⋃2n−1
j=0 i containing
% is simply connected, and its metric completion J ∗R with respect to the induced path metric is a
manifold with boundary. Thus, lR is contractible in JR. Since the metric r is co-compact, J ∗R is
homogeneously regular in the sense of Lemaire [4, Section 1]. Since @J ∗R has zero mean curvature
at any smooth point, @J ∗R is su7ciently convex in J ∗R in the sense of Meeks-Yau [5, Sections (1)
and (2)]. By Hass–Scott [3, Theorem 6.13] and a combination of results in [4,5], there exists an
embedded disk DR in H3 with @DR = lR and such that IntDR is r-least area in JR.
The following lemma follows as a corollary of [2, Lemma 3.7].
Lemma 2.3. There exists eˆ = eˆ(r)¿ 0 independent of DR such that DR is contained in
N
(C(
⋃2n−1
i=0 i); eˆ).
3. Proof of Theorem 0.1
Consider a strictly monotone increasing sequence {Rm} with Rm ↗ ∞. Let Lm be an R+m-circle
chain associated to , and let Dm=DRm be a disk in H
3 de=ned as in Section 2 with link([@Dm]; [%])=1
and such that IntDm is r-least area in Jm = JRm . Moreover, @Dm obeys the three-advance no-return
rule. By using arguments in [2, Section 3], especially the proof of [2, Proposition 3.9], one can show
that {Dm} has a subsequence converging geometrically to a D2-limit lamination  spanning . From
Lemma 2.3 and
⋂∞
m=1 (N(Lm) ∪B(Lm)) = , we have  ⊂ N
(C(); eˆ). Now, we may assume that
{Rm} satis=es the following conditions (3.1)–(3.3) passing to a subsequence if necessary, where
m; k are any integers with 0¡m¡k.
(3.1) R1=2¿c0(5d(e; 2 eˆ)), where c0(·), d(·; ·) are the functions given in Lemma 1.2 and De=nition
2.1(iii).
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B4
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mB3
m
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m
Fig. 7. Each shaded region represents
⋃a+3
i=a (N
k
i ∪ Bki ) for some a.
(3.2) For any consecutive circles lmj ; l
m
j+1; l
m
j+2 in Lm, both Int('
m
j ∩'mj+1) and Int('mj+1−'mj ∪'mj+2)
contain four circles lka; : : : ; l
k
a+3 in Lk with (
⋃a+3
i=a N
k
i )∩N(Lm)= ∅, where 'mj ='lmj and Nki =
N
(C(lki ); e), see Fig. 7.
(3.3) Dk ∩ Jm ⊂ N
(C(); 2 eˆ).
Fix a leaf D of  with D ∩ % = ∅. For any m∈N, let mj ’s be the D2-limit laminations spanning
lmj used to de=ne Dm. For any u∈N, let Eu be the closure of a component Uu of D ∩ Ju with
Uu ∩ % = ∅. It will be seen later that Uu is the only component of D ∩ Ju meeting % non-trivially.
Set L1 = {l10; : : : ; l12n−1}. Slightly isotoping 1i ’s if necessary, we may assume that D meets 1i (i =
0; : : : ; 2n − 1) transversely. Since each 1i disconnects % from Bl1i , E1 is contained in a leaf of the
lamination |(N
(C(); eˆ)− IntB(L1)) consisting of compact leaves. However, we note that there is
no certain reason to conclude that E1 is equal to the component of D∩ J 1 containing E1. Since D is
r-least area in H3, each component of D∩J1 is an open disk. The intersections Dm∩J1 (m=2; 3; : : :)
have components whose closures E1m converge geometrically to E
1. Thus, we have m0 ∈N such that,
for any m¿m0, E1m ∩ N
(%; R1=2) = ∅. Set Lm = {lm0 ; : : : ; lm2p−1} for m¿m0. We may also assume
that Dm meets 1i ’s transversely. Then, the following lemma holds.
Lemma 3.1. Each leaf of the lamination 6i = 1i |Dm is an arc.
Proof. If there existed a loop leaf A in 6i, then A would bound a disk ' in a leaf of 1i . Since 
1
i
and m0 ; : : : ; 
m
2p−1 are r-least area in H3, ' is disjoint from m0 ∪ · · · ∪ m2p−1. Thus, ' would be an
r-least area disk in Jm. Since both IntDm and 1i |Jm are r-least area in Jm, the standard cancellation
argument on least area surfaces introduces a contradiction.
Remark 3.2. In [2], Gabai considered a sequence {l′m} of unknotted loops in H3 converging to 
in H3 and relative r-least area disks D′m in Wm =H3 − IntN
(l′m; 0) to obtain a D2-limit lamination
′ spanning  for a small 0¿ 0, where the r-metric on Wm is slightly changed so that @N
(0; l′m)
is convex in Wm. In this situation, 1i |Wm may have a leaf which is compressible in Wm. If so, the
cancellation argument as above does not work well. Thus, it would be di8cult for us to suppose
that 6′i = 1i |D′m has no loop leaves. Though each D′m contains a subdisk F ′m which is r-least area in
H3 and @F ′m → ∞, the author does not know if it is possible to suppose that there exist mutually
disjoint 4n arcs 5i;± in @F ′m as will be given in the proof of the next proposition.
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The following proposition implies Theorem 0.1.
Proposition 3.3. The D2-limit lamination  is a properly embedded plane in H3 spanning .
Proof. Since @Dm obeys the three-advance no return rule, condition (3.2) implies that there exist
mutually disjoint 4n arcs 51;−; 52n;+; 52;−; 51;+; 53;−; : : : ; 52n−1;+ in @Dm such that 6i∩@Dm ⊂ N 1i ∩@Dm
is contained in 5i;+∪5i;−, see Fig. 8. Set B=
⋃2n−1
i=0 (5i;+∪5i;−). Let Um be the set of all components
of Dm−
⋃2n−1
i=0 6i. Note that Int E
1
m is an element of Um. Since any leaf of 6i is an arc, each element
of Um is simply connected. An element U of Um is 8ve-local if the closure U meets at most =ve
of 6i’s non-trivially. Set 6even =
⋃n−1
i=0 62i and 6odd =
⋃n−1
i=0 62i+1. For any leaf 0 of 62i, one of the two
components of Dm − 0, say F , satis=es F ∩ B ⊂ 52i;− ∪ 52i−1;+ ∪ 52i+1;− ∪ 52i;+, possibly F ∩ B is
contained in a single arc 52i; * (*∈{+;−}). Since any point of F cannot be connected with B−(52i;−∪
52i−1;+∪52i+1;−∪52i;+) in Dm without passing through 0, F is disjoint from 6j (j = 2i−1; 2i; 2i+1).
This shows that any element of Um contained in F is =ve-local (more strictly three-local). It follows
that at most one component G of Dm−6even contains a non-=ve-local element of Um. Let s be a leaf
of 6odd|G. If s ⊂ 62i+1, then @s ⊂ 62i∪62i+2∪52i+1;+∪52i+1;−. For one of the two components of G−s,
say Ws, Ws∩B is contained in 52i;−∪52i−1;+∪52i+1;−∪52i;+∪52i+2;−∪52i+1;+∪52i+3;−∪52i+2;+. Thus,
Ws is disjoint from 6j (j = 2i−1; 2i; 2i+1; 2i+2; 2i+3). In particular, any element of Um contained
in Ws is =ve-local. If Um has a non-=ve-local element Um, then Um is a unique element of Um|G
disjoint from
⋃
s:leaves of6odd|G Ws. Suppose that U is any =ve-local element of Um with U ⊂ J1. Since
@U is a loop contained in 6i ∪ · · · ∪ 6i+4 for some i∈Z and disjoint from IntB(L1), by De=nition
2.1(iii), @U is contained in B
(x; 5d(e; 2 eˆ)) for an x∈ (6i ∪ · · · ∪ 6i+4)− IntB(L1). By Lemma 1.2
and (3.1), U is contained in B
(x; c0(5d(e; 2 eˆ))) ⊂ B
(x; R1=2). Since N
(%; R1) ⊂ J1, U is disjoint
from N
(%; R1=2). Since Int E1m ⊂ J1 and E1m ∩ N
(%; R1=2) = ∅, Int E1m is a non-=ve-local element of
Um and hence E1m =Um. This shows that Dm ∩ N
(%; R1=2) ⊂ E1m for any m¿m0. Taking the limit,
we have  ∩ N
(%; R1=2) ⊂ E1 ⊂ D. Repeating the same argument replacing R1 by R2; R3; : : :, we
=nally have =D and hence  is a properly embedded plane in H3. This completes the proof.
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There exists an n0=n0(e)∈N independent of m∈N such that, for any lmj ; lmj+n0 ∈Lm, Nmj ∩Nmj+n0=∅.
We may choose our sequence {Lm} which satis=es the following extra conditions (i) and (ii) for
any m; k ∈N with m¡k, where #F denotes the number of elements in F for a =nite set F .
(i) The cardinality #X (Lm) is a multiple of 2n0 + 3. X (Lm) ⊂ X (Lk) and the base loops lm0 ∈Lm
and lk0 ∈Lk have the common center xm0 = xk0. For each component > of −X (Lm), the number
of components of >− X (Lk) is also a multiple of 2n0 + 3.
(ii) Any lmj ∈Lm associates a hemidisk Ymj with Ymi ∩ Ymj = ∅ for i = j and
dist
(@+Ymj ; N
m
j )¿c0(5d(e; 2 eˆ)):
Moreover, for any lka ∈Lk , Y ka is contained in B(Lm).
Suppose that lmj ∈Lm and lka ∈Lk (m¡k) have the common center xmj =xka . Since both @Ymj −@+Ymj
and @Y ka − @+Y ka meet  at xmj orthogonally, by condition (ii), Y ka is a subdisk of Ymj .
Proposition 3.4. Let D= be an r-least area plane in H3 de8ned with a sequence {Lm} of R+m-circle
chains satisfying (3.1)–(3.3) and the extra conditions (i), (ii) as above. Then, D admits a homeo-
morphism ’ : IntD2 → D which can be extended to a continuous injective map ’ :D2 → H3 with
’(@D2) = .
Proof. For any m∈N with m¿ u, Dm ∩ Ju has a component Uum such that, for the closures Eum of
Uum’s, {Eum}∞m=1 converges geometrically to Eu. Then, @Eu and @Eum have the same itinerary for a
su8ciently large m∈N. In particular, @Eu obeys the two-advance no-return rule, see Fig. 8 for the
case of u = 1. This is proved by an argument similar to that in Lemma 2.2 and by the fact that
ui |Dm has no loop leaves as in Lemma 3.1 for any i∈Z (possibly i odd).
We will de=ne a cell decomposition E of D as follows. The union
⋃∞
u=2 @E
u divides D − Int E1
into in=nitely many annuli Au = Eu − Int Eu−1 (u= 2; 3 : : :). The E1 is a unique cell of level-one in
E. Consider the hemidisks Y u−1t(i) with t(i) = (2n0 + 3)i for i = 0; 1; : : : ; D(u − 1) − 1, where D(k) =
#X (Lk)=(2n0 + 3). Let Eut(i) be the union of arc components of Y
u−1
t(i) ∩ Au, see Fig. 9. By condition
(ii), Au does not meet @Y ut(i)’s. For any u¿ 1, Y
u−1
t(i) ∪ Y u−1t(i+2) disconnects Au ∩ Y u−1t(i−1) and Au ∩ Y (u−1)t(i+1)
in Au. Thus, Eut(i) contains a component %
u
i connecting @E
u−1 and @Eu. Let [i]∈{0; 1; : : : ; D(u) − 1}
2
t(i 1)
E1
A2
2
t(i) 
Fig. 9.
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be the number with Y ut([i]) ⊂ Y u−1t(i) . There exists a simple arc >ui in @Eu connecting %ui ∩ @Eu and
%u+1[i] ∩ @Eu with
>ui ⊂ @Eu ∩ (ut([i])−1 ∪ ut([i]) ∪ ut([i])+1); (3.1)
see Fig. 10(a). The existence of such an arc >ui is guaranteed by the fact that @E
u obeys the
two-advance no-return rule. By (3.1), >ui ∩>ui+1=∅ for any i=0; 1; : : : ; D(u−1)−1. Let %ˆui be a proper
simple arc in Au with @ %ˆui =@(%
u
i ∪>ui ) obtained by slightly deforming %ui ∪>ui in a small neighborhood
of >ui without moving the end points, see Fig. 9(b). Decompose the annulus A
u along %ˆui ’s into
D(u− 1) cells Cui of level-u. The set of all these cells de=nes a locally =nite cell decomposition E
on D, see Fig. 11. Then, there exists a homeomorphism ’ : IntD2 → D such that the induced cell
decomposition ’−1(E) on IntD2 has a form as illustrated in Fig. 12.
Let F be the union of ’−1(@Cui )’s for all 2-cells Cui in E, and F the closure of F in D2. Since
@Eu−1 obeys the two-advance no-return rule for any u¿ 1, @Cui is contained in
⋃t(i+1)+1
j=t(i)−1(N
u−1
j ∪
Bu−1j ). This shows that ’|F is extended to a continuous injective map from F to H3. Note that
the 
euc-diameters of @Cui converge uniformly to zero as u → ∞. Then, by Lemma 3.7 in [2], the

euc-diameters of Cui also uniformly converge to zero. It follows that ’ is extended to a continuous
injective map ’ :D2 → H3.
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